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Programming With Abstract Data Types

• System specifications use sets and relations

• Expressive and provable

• Semantics from mathematics

Nov. 10, 2025CDP 2025 - Anthony Hunt and Emil Sekerinski 2

Syntax Label Syntax Label

𝑠𝑒𝑡(𝑇) Unordered, unique collection 𝑆 ∪ 𝑇 Union

𝑆 𝑇 Relation, 𝑠𝑒𝑡(𝑆 ×  𝑇) 𝑆 ∩ 𝑇 Intersection

𝑆 → ℕ Bag/Multiset 𝑆 ∖ 𝑇 Difference

ℕ → 𝑆 Sequence 𝑆 × 𝑇 Cartesian Product

{𝑥, 𝑦, … } Set Enumeration 𝑑𝑜𝑚(𝑅) Domain

{𝑥 ⋅ 𝑃 ∣ 𝐸} Set Comprehension 𝑅[𝑆] Image

Jean-Raymond Abrial. Modeling in Event-B: system and software engineering. Cambridge University Press, 2010.

David Gries and Fred Schneider. A Logical Approach to Discrete Math. Springer New York, 1993.



Example - Visitor Information System

• Academics attend workshops 

throughout CASCON 2025

• Every workshop must be held in 

one room

• Visitors may attend at most one 

workshop at a time

𝑉𝑖𝑠𝑖𝑡𝑜𝑟 =  {𝐽.  𝑁𝑒𝑙𝑠𝑜𝑛, 𝑀𝑎𝑟𝑘, 𝐸ℎ𝑠𝑎𝑛}
𝑅𝑜𝑜𝑚 = {1,2,3,4}
𝑊𝑜𝑟𝑘𝑠ℎ𝑜𝑝 = {𝐶𝐷𝑃, 𝑆𝐸𝑁𝐺𝐸𝐶, 𝐶𝑂𝐺𝐴𝐼}

𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛: 𝑊𝑜𝑟𝑘𝑠ℎ𝑜𝑝 ↣ 𝑅𝑜𝑜𝑚
𝑎𝑡𝑡𝑒𝑛𝑑𝑠: 𝑉𝑖𝑠𝑖𝑡𝑜𝑟 ↛ 𝑊𝑜𝑟𝑘𝑠ℎ𝑜𝑝

Then, the number of meals to prepare for a 
specific 𝑟𝑜𝑜𝑚 would be:

𝑐𝑎𝑟𝑑((𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛−1 ∘ 𝑎𝑡𝑡𝑒𝑛𝑑𝑠−1)[ 𝑟𝑜𝑜𝑚 ])
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Total Injective Function

Partial Function

Relational Image



Example - Warehouse Inventory System

• Furniture material 

catalogue

• Warehouse inventory

• Product recipes

𝑀𝑎𝑡𝑒𝑟𝑖𝑎𝑙 =  {2 × 4 𝑃𝑙𝑎𝑛𝑘, 𝐻𝑒𝑥 𝐵𝑜𝑙𝑡, 3 𝐼𝑛𝑐ℎ 𝑆𝑐𝑟𝑒𝑤, … }
𝑃𝑟𝑖𝑐𝑒 = ℕ0
𝑃𝑟𝑜𝑑𝑢𝑐𝑡 = 𝐶𝑎𝑏𝑖𝑛𝑒𝑡, 𝐷𝑒𝑠𝑘, 𝐵𝑜𝑜𝑘𝑠ℎ𝑒𝑙𝑓, …

𝑐𝑎𝑡𝑎𝑙𝑜𝑔𝑢𝑒: 𝑀𝑎𝑡𝑒𝑟𝑖𝑎𝑙 → 𝑃𝑟𝑖𝑐𝑒
𝑖𝑛𝑣𝑒𝑛𝑡𝑜𝑟𝑦: 𝑏𝑎𝑔[𝑀𝑎𝑡𝑒𝑟𝑖𝑎𝑙]
𝑟𝑒𝑐𝑖𝑝𝑒𝑠: 𝑃𝑟𝑜𝑑𝑢𝑐𝑡 → 𝑏𝑎𝑔 𝑀𝑎𝑡𝑒𝑟𝑖𝑎𝑙

Restocking price, with a target inventory 𝑖𝑛𝑣𝑒𝑛𝑡𝑜𝑟𝑦𝑡:

∑𝑝 ↦ 𝑛𝑚 ⋅
 𝑝 ↦ 𝑛𝑚 ∈ 𝑐𝑎𝑡𝑎𝑙𝑜𝑔𝑢𝑒−1 ∘ (𝑖𝑛𝑣𝑒𝑛𝑡𝑜𝑟𝑦𝑡 − 𝑖𝑛𝑣𝑒𝑛𝑡𝑜𝑟𝑦) ∣ 𝑝 × 𝑛𝑚
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Bag Difference

Equivalent to: 𝑀𝑎𝑡𝑒𝑟𝑖𝑎𝑙 ↛ ℕ



Abstract Data Types
In Programming and Modelling Languages

Nov. 10, 2025CDP 2025 - Anthony Hunt and Emil Sekerinski 5

Sets Relations Efficiently 

Executable

Implementation 

Free
∪ ∩ × {𝒙 ⋅ 𝑷 ∣ 𝑬} 𝒅𝒐𝒎 ◁ ∪ ∩  ∘ 𝑹[𝑺] 𝑹−𝟏 Multiplicity

Programming 

Languages

Python ✓✓✓ ✓ ✓ ✗✗ * ✓✗ * ✗ ✗ * ✗

Haskell ✓✓✓ * ✓ * ✗✓✓ * * ✓ * ✓ ✗

Rust ✓✓ * * ✓ ✗✗✗ * ✗ ✓ ✗ ✗ ✓ ✗

C * * * ✗ * * * * * * * * ✗ ✓ ✗

Modelling 

Languages

SetL ✓✓ * ✓ ✓ ✓✓✓ * * ✓ * * * *

UML ✓✓✓ ✗ ✓ ✗✗✗✓✗ ✓ ✗ ✓ * ✓

Event-B ✓✓✓ ✓ ✓ ✓✓✓✓✓ ✓ ✓ ✓ * ✓

Alloy ✓✓✓ ✓ ✓ ✓✓✓✓✓ ✓ ✓ ✓ ✗ ✓



Goals

• Syntax close to discrete 

mathematics

• Simple, small, and usable

• High-level set-theory optimization

• Efficient in memory and time
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Modelling 
Languages

Programming 
Languages



Related Work

• ProB animation engine for Event-B [1]

• GHC rewrite rules [2]

• Rewrite systems for set-theory focused optimization [3,4,5]

• SETL data type lowering from abstract types to suitable concrete structures [6,7]
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Optimizing Abstract Data Type Operations (in Python)

# New Python translation:

ret = set()

for x in S:

  if x in V:

    ret.add(x)

# Step 1: len(ret) <= min(len(S), len(V))

for x in T:

  if x not in S and x in V:

    ret.add(x)

# Step 2: len(ret) <= min(len(S) + len(T), len(V))
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# Python translation:

ret = set()

for x in S:

  ret.add(x)

# Step 1: len(ret) == len(S)

for x in T:

  ret.add(x)

# Step 2: len(ret) <= len(S) + len(T)

for x in ret:

  if x not in V:

    ret.remove(x)

# Step 3: len(ret) <= len(V)

(𝑆 ∪ 𝑇) ∩ 𝑉 𝑆 ∩ 𝑉 ∪ ( 𝑇 ∖ 𝑆 ∩ 𝑉)

What if 𝑙𝑒𝑛 𝑆 + 𝑙𝑒𝑛 𝑇 > 𝑙𝑒𝑛 𝑉 ? 𝑟𝑒𝑡 never grows larger than needed



Concrete Data Types of the Visitor Information System
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𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛: 𝑊𝑜𝑟𝑘𝑠ℎ𝑜𝑝 ↣ 𝑅𝑜𝑜𝑚
𝑎𝑡𝑡𝑒𝑛𝑑𝑠: 𝑉𝑖𝑠𝑖𝑡𝑜𝑟 ↛ 𝑊𝑜𝑟𝑘𝑠ℎ𝑜𝑝

𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛: 𝑠𝑒𝑡[𝑡𝑢𝑝𝑙𝑒 𝑊𝑜𝑟𝑘𝑠ℎ𝑜𝑝, 𝑅𝑜𝑜𝑚 ]
𝑎𝑡𝑡𝑒𝑛𝑑𝑠: 𝑠𝑒𝑡[𝑡𝑢𝑝𝑙𝑒 𝑉𝑖𝑠𝑖𝑡𝑜𝑟, 𝑊𝑜𝑟𝑘𝑠ℎ𝑜𝑝 ]

𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛: 𝐵𝑖𝑀𝑎𝑝 𝑊𝑜𝑟𝑘𝑠ℎ𝑜𝑝, 𝑅𝑜𝑜𝑚
𝑎𝑡𝑡𝑒𝑛𝑑𝑠: 𝐵𝑖𝑀𝑎𝑝 𝑉𝑖𝑠𝑖𝑡𝑜𝑟, 𝑊𝑜𝑟𝑘𝑠ℎ𝑜𝑝

𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛: 𝐻𝑎𝑠ℎ𝑀𝑎𝑝 𝑊𝑜𝑟𝑘𝑠ℎ𝑜𝑝, 𝑅𝑜𝑜𝑚
𝑎𝑡𝑡𝑒𝑛𝑑𝑠: 𝐻𝑎𝑠ℎ𝑀𝑎𝑝 𝑉𝑖𝑠𝑖𝑡𝑜𝑟, 𝑊𝑜𝑟𝑘𝑠ℎ𝑜𝑝



Naïve Implementation of the Visitor Information System
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𝑐𝑎𝑟𝑑((𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛−1 ∘ 𝑎𝑡𝑡𝑒𝑛𝑑𝑠−1)[ 𝑟𝑜𝑜𝑚 ])

𝑙 ≔ 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛
𝑎 ≔ 𝑖𝑛𝑣𝑒𝑟𝑠𝑒(𝑎𝑡𝑡𝑒𝑛𝑑𝑠)
𝑐 ≔  𝑐𝑜𝑚𝑝𝑜𝑠𝑒(𝑙, 𝑎)

…

𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛: 𝑠𝑒𝑡[𝑡𝑢𝑝𝑙𝑒 𝑊𝑜𝑟𝑘𝑠ℎ𝑜𝑝, 𝑅𝑜𝑜𝑚 ]
𝑎𝑡𝑡𝑒𝑛𝑑𝑠: 𝑠𝑒𝑡[𝑡𝑢𝑝𝑙𝑒 𝑉𝑖𝑠𝑖𝑡𝑜𝑟, 𝑊𝑜𝑟𝑘𝑠ℎ𝑜𝑝 ]

𝐩𝐫𝐨𝐜 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑟 :
 𝑟′ ≔ {}
 𝐟𝐨𝐫 𝑘, 𝑣 ∈ 𝑟 𝐝𝐨
 𝑟′  ≔ 𝑟′ ∪ 𝑣, 𝑘
 𝐫𝐞𝐭𝐮𝐫𝐧 𝑟′

𝐩𝐫𝐨𝐜 𝑐𝑜𝑚𝑝𝑜𝑠𝑒 𝑟1, 𝑟2 :
 𝑟′ ≔ {}
 𝐟𝐨𝐫 𝑘, 𝑣 ∈ 𝑟1 𝐝𝐨
 𝐟𝐨𝐫 𝑣′, 𝑡 ∈ 𝑟2 𝐝𝐨
 𝐢𝐟 𝑣 = 𝑣′𝐭𝐡𝐞𝐧 
 𝑟′  ≔ 𝑟′ ∪ 𝑘, 𝑡
 𝐫𝐞𝐭𝐮𝐫𝐧 𝑟′

Runtime: 𝑂(𝑛2)
Memory: 𝑂(𝑛)

Runtime: 𝑂(𝑛)
Memory: up to 𝑂(𝑛) 

Library
Concrete Types

Imperative Interpretation



Designing Optimizations

• Set theory semantics for optimizations

• Strong type system with refinements

• Rewrite system:

• Simplify operations

• Select concrete data representations from refined types

• Generate efficient code for every concrete representation and operation 

sequence
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Term Rewriting for Hash-based Sets and Relations

1. Comprehension Construction

2. Generator Selection

3. Loop Lowering

4. Relational Subtyping Loop Simplification

5. Loop Code Generation

6. Replace and Simplify
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Phase 1: Set Comprehension Construction
Set-typed variables and literals are decomposed into set comprehensions
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Rewrite Rules

Predicate 

Operations

𝑆 ∪ 𝑇 ⇝ {𝑥 ⋅ 𝑥 ∈ 𝑆 ∨ 𝑥 ∈ 𝑇 ∣ 𝑥}

𝑆 ∩ 𝑇 ⇝ {𝑥 ⋅ 𝑥 ∈ 𝑆 ∧ 𝑥 ∈ 𝑇 ∣ 𝑥}

𝑆 ∖ 𝑇 ⇝ {𝑥 ⋅ 𝑥 ∈ 𝑆 ∧ 𝑥 ∉ 𝑇 ∣ 𝑥}

Membership 

Collapse
𝑥 ∈ 𝐸 𝑃 ⇝ ∃𝑦 ⋅ 𝑃 ∧ 𝑥 = 𝐸

Image 𝑅[𝑆] ⇝ {𝑦 ⋅ ∃𝑥 ⋅ 𝑥 ↦ 𝑦 ∈ 𝑅 ∧ 𝑥 ∈ 𝑆 ∣ 𝑦}

Composition
𝑥 ↦ 𝑧 ∈ 𝑅 ∘ 𝑄 ⇝ 𝑥, 𝑧 ⋅ ∃𝑦, 𝑦′ ⋅ 𝑥 ↦ 𝑦 ∈ 𝑅
 ∧ 𝑦′ ↦ 𝑧 ∈ 𝑄 ∧ 𝑦 = 𝑦′

Inverse 𝑥 ↦ 𝑦 ∈ 𝑅−1 ⇝ 𝑦 ↦ 𝑥 ∈ 𝑅

Cardinality 𝑐𝑎𝑟𝑑 𝑆 ⇝ ∑𝑥 ⋅ 𝑥 ∈ 𝑆 ∣ 1

Post-condition:

• All set-like terms must be comprehensions

𝑛𝑢𝑚𝑀𝑒𝑎𝑙𝑠 =
 𝑐𝑎𝑟𝑑((𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛−1 ∘ 𝑎𝑡𝑡𝑒𝑛𝑑𝑠−1)[ 𝑟𝑜𝑜𝑚 ])

𝑛𝑢𝑚𝑀𝑒𝑎𝑙𝑠 =
 𝑐𝑎𝑟𝑑({𝒗 ⋅ ∃𝒓 ⋅ 𝒓 ↦ 𝒗 ∈ 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛−1 ∘ 𝑎𝑡𝑡𝑒𝑛𝑑𝑠−1

 ∧ 𝒓 ∈ 𝒓𝒐𝒐𝒎 ∣ 𝒗})

𝑛𝑢𝑚𝑀𝑒𝑎𝑙𝑠 =
 𝑐𝑎𝑟𝑑({𝑣, 𝒓 ⋅ ∃𝒑, 𝒑′ ⋅ 𝒗 ↦ 𝒑′ ∈ 𝒂𝒕𝒕𝒆𝒏𝒅𝒔
 ∧ 𝒑 ↦ 𝒓 ∈ 𝒍𝒐𝒄𝒂𝒕𝒊𝒐𝒏 ∧ 𝒑 = 𝒑′ ∧ 𝑟 ∈ 𝑟𝑜𝑜𝑚 ∣ 𝑣})

𝑛𝑢𝑚𝑀𝑒𝑎𝑙𝑠 =
 ∑𝑣, 𝑟 ⋅ ∃𝑝, 𝑝′ ⋅ 𝑣 ↦ 𝑝′ ∈ 𝑎𝑡𝑡𝑒𝑛𝑑𝑠
 ∧ 𝑝 ↦ 𝑟 ∈ 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛 ∧ 𝑝 = 𝑝′ ∧ 𝑟 = 𝑟𝑜𝑜𝑚 ∣ 𝟏

𝑊𝑜𝑟𝑘𝑠ℎ𝑜𝑝 ↣ 𝑅𝑜𝑜𝑚 𝑉𝑖𝑠𝑖𝑡𝑜𝑟 ↛ 𝑊𝑜𝑟𝑘𝑠ℎ𝑜𝑝

Image

Composition, Inverse

Cardinality, Membership



Phase 2: Generator Selection
Selecting element generators for use as iterables in generated for-loops
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Rewrite Rules

Generator 

Selection

ሥ 𝑃𝑖 ⇝ 𝑃𝑔 ∧ ሥ

𝑃𝑖≠𝑃𝑔

𝑃_𝑖

• 𝑃𝑔 is of the form 𝑥 ∈ 𝑆

• 𝑥 is the quantifier’s bound variable

• 𝑆 is a set-like term

• In the case of multiple candidate generators, 

selection is based on heuristics

Post-condition:

• All set-like terms must be comprehensions

• Quantifier predicates are in DNF

• Guaranteed top-level-∨ operation

• One bound variable per generator

• All predicate ∨-clauses have an assigned generator

𝑛𝑢𝑚𝑀𝑒𝑎𝑙𝑠 = ∑𝑣, 𝑟 ⋅ ∃𝑝, 𝑝′ ⋅ 𝑣 ↦ 𝑝′ ∈ 𝑎𝑡𝑡𝑒𝑛𝑑𝑠
 ∧ 𝑝 ↦ 𝑟 ∈ 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛 ∧ 𝑝 = 𝑝′ ∧ 𝑟 = 𝑟𝑜𝑜𝑚 ∣ 1

𝑛𝑢𝑚𝑀𝑒𝑎𝑙𝑠 = ∑𝒗, 𝒓 ⋅ ∃𝑝, 𝑝′ ⋅ 𝒗 ↦ 𝒑′ ∈ 𝒂𝒕𝒕𝒆𝒏𝒅𝒔
 ∧ 𝒑 ↦ 𝒓 ∈ 𝒍𝒐𝒄𝒂𝒕𝒊𝒐𝒏 ∧ 𝑝 = 𝑝′ ∧ 𝑟 = 𝑟𝑜𝑜𝑚 ∣ 1

Generator Selection



Phase 3: Loop Lowering
Start lowering expressions into imperative-like loops
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Rewrite Rules

Quantifier 

Generation
⨁𝐸 ∣ 𝑃 ⇝

𝑎 ≔ 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦(⨁)
𝐥𝐨𝐨𝐩 𝑃 𝐝𝐨
    𝑎 ≔ 𝑎 ⊕ 𝐸

Chained 

Generators

𝐥𝐨𝐨𝐩 𝐺1 ∧ 𝐺2 𝐝𝐨
 𝑎 ≔ 𝑎 ⊕ 𝐸

⇝
𝐥𝐨𝐨𝐩 𝐺1 𝐝𝐨
 𝐥𝐨𝐨𝐩 𝐺2 𝐝𝐨
    𝑎 ≔ 𝑎 ⊕ 𝐸

Disjunct 

Generators

𝐥𝐨𝐨𝐩 𝐺1 ∨ 𝐺2 𝐝𝐨
 𝑎 ≔ 𝑎 ⊕ 𝐸

⇝

𝐥𝐨𝐨𝐩 𝐺1 𝐝𝐨
 𝑎 ≔ 𝑎 ⊕ 𝐸
𝐥𝐨𝐨𝐩 𝐺2 ∧ ¬G1 𝐝𝐨
    𝑎 ≔ 𝑎 ⊕ 𝐸

• ⊕ is any of … , Σ, Π, ∪, ∩

Post-condition:

• No quantifiers exist within the AST

• No ∨-operators exist within a 𝒍𝒐𝒐𝒑’s predicate

• All predicate ∨-clauses have an assigned generator

𝑛𝑢𝑚𝑀𝑒𝑎𝑙𝑠 =
 ∑𝒗, 𝒓 ⋅ ∃𝑝′, 𝑝 ⋅ 𝒗 ↦ 𝒑′ ∈ 𝒂𝒕𝒕𝒆𝒏𝒅𝒔
 ∧ 𝒑 ↦ 𝒓 ∈ 𝒍𝒐𝒄𝒂𝒕𝒊𝒐𝒏 ∧ 𝑟 = 𝑟𝑜𝑜𝑚 ∧ 𝑝 = 𝑝′ ∣ 1)

𝑛𝑢𝑚𝑀𝑒𝑎𝑙𝑠 ≔ 0
𝐥𝐨𝐨𝐩 𝒗 ↦ 𝒑′ ∈ 𝒂𝒕𝒕𝒆𝒏𝒅𝒔
 ∧ 𝒑 ↦ 𝒓 ∈ 𝒍𝒐𝒄𝒂𝒕𝒊𝒐𝒏 ∧ 𝑝 = 𝑝′ ∧ 𝑟 = 𝑟𝑜𝑜𝑚 𝐝𝐨
 𝑛𝑢𝑚𝑀𝑒𝑎𝑙𝑠 ≔ 𝑛𝑢𝑚𝑀𝑒𝑎𝑙𝑠 + 1

𝑛𝑢𝑚𝑀𝑒𝑎𝑙𝑠 ≔ 0
𝐥𝐨𝐨𝐩 𝒗 ↦ 𝒑′ ∈ 𝒂𝒕𝒕𝒆𝒏𝒅𝒔 𝐝𝐨
 𝐥𝐨𝐨𝐩 𝒑 ↦ 𝒓 ∈ 𝒍𝒐𝒄𝒂𝒕𝒊𝒐𝒏 ∧ 𝑟 = 𝑟𝑜𝑜𝑚 ∧ 𝑝 = 𝑝′ 𝐝𝐨
 𝑛𝑢𝑚𝑀𝑒𝑎𝑙𝑠 ≔ 𝑛𝑢𝑚𝑀𝑒𝑎𝑙𝑠 + 1

Quantifier Generation

Chained Generators



Phase 4: Relation Subtyping Loop Simplification
Eliminate unnecessary loops
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Rewrite Rules

Restricted 

Generator

𝐥𝐨𝐨𝐩 x ↦ 𝑦 ∈ 𝑅
 ∧ 𝑥 = 𝑥′ ∧ 𝑦 = 𝑦′ 𝐝𝐨
 body
• 𝑅 is total

• 𝑅 is one-to-one

⇝
𝐢𝐟 𝑅 𝑥′ = 𝑦′ 𝐭𝐡𝐞𝐧
 body

𝑛𝑢𝑚𝑀𝑒𝑎𝑙𝑠 ≔ 0
𝐥𝐨𝐨𝐩 𝒗 ↦ 𝒑′ ∈ 𝒂𝒕𝒕𝒆𝒏𝒅𝒔 𝐝𝐨
 𝐥𝐨𝐨𝐩 𝒑 ↦ 𝒓 ∈ 𝒍𝒐𝒄𝒂𝒕𝒊𝒐𝒏 ∧ 𝑟 = 𝑟𝑜𝑜𝑚 ∧ 𝑝 = 𝑝′ 𝐝𝐨
 𝑛𝑢𝑚𝑀𝑒𝑎𝑙𝑠 ≔ 𝑛𝑢𝑚𝑀𝑒𝑎𝑙𝑠 + 1

𝑛𝑢𝑚𝑀𝑒𝑎𝑙𝑠 ≔ 0
𝐥𝐨𝐨𝐩 𝑣 ↦ 𝑝′ ∈ 𝑎𝑡𝑡𝑒𝑛𝑑𝑠 𝐝𝐨
 𝐢𝐟 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛 𝑝′ = 𝑟𝑜𝑜𝑚 𝐭𝐡𝐞𝐧
 𝑛𝑢𝑚𝑀𝑒𝑎𝑙𝑠 ≔ 𝑛𝑢𝑚𝑀𝑒𝑎𝑙𝑠 + 1

One-to-one Total Function

Post-condition:

• No quantifiers exist within the AST

• No ∨-operators exist within a 𝒍𝒐𝒐𝒑’s predicate

• All predicate ∨-clauses have an assigned generator



Phase 5: Loop Code Generation
Lower into imperative 𝒍𝒐𝒐𝒑 structures
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Rewrite Rules

Conjunct 

Conditional

𝐥𝐨𝐨𝐩 𝑃𝑔

∧ ሥ 𝑃𝑖  𝐝𝐨

 𝑏𝑜𝑑𝑦

⇝

𝐢𝐟 ሥ

𝑓𝑟𝑒𝑒(𝑃𝑖)

𝑃𝑖  𝐭𝐡𝐞𝐧

 𝐟𝐨𝐫 𝑃𝑔 𝐝𝐨

 𝐢𝐟 ሥ

¬𝑓𝑟𝑒𝑒(𝑃𝑖)

𝑃𝑖 𝐭𝐡𝐞𝐧

 𝑏𝑜𝑑𝑦

Post-condition:

• Code is imperatively executable

𝑛𝑢𝑚𝑀𝑒𝑎𝑙𝑠 ≔ 0
𝐥𝐨𝐨𝐩 𝑣 ↦ 𝑝′ ∈ 𝑎𝑡𝑡𝑒𝑛𝑑𝑠 𝐝𝐨
 𝐢𝐟 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛 𝑝′ = 𝑟𝑜𝑜𝑚 𝐭𝐡𝐞𝐧
 𝑛𝑢𝑚𝑀𝑒𝑎𝑙𝑠 ≔ 𝑛𝑢𝑚𝑀𝑒𝑎𝑙𝑠 + 1

𝑛𝑢𝑚𝑀𝑒𝑎𝑙𝑠 ≔ 0
𝐟𝐨𝐫 𝑣, 𝑝′ ∈ 𝑎𝑡𝑡𝑒𝑛𝑑𝑠 𝐝𝐨
 𝐢𝐟 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛 𝑝′ = 𝑟𝑜𝑜𝑚 𝐭𝐡𝐞𝐧
 𝑛𝑢𝑚𝑀𝑒𝑎𝑙𝑠 ≔ 𝑛𝑢𝑚𝑀𝑒𝑎𝑙𝑠 + 1



Visitor Information System - Translation

𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛: 𝑊𝑜𝑟𝑘𝑠ℎ𝑜𝑝 ↣ 𝑅𝑜𝑜𝑚
𝑎𝑡𝑡𝑒𝑛𝑑𝑠: 𝑉𝑖𝑠𝑖𝑡𝑜𝑟 ↛ 𝑊𝑜𝑟𝑘𝑠ℎ𝑜𝑝

𝑛𝑢𝑚𝑀𝑒𝑎𝑙𝑠
 = 𝑐𝑎𝑟𝑑((𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛−1 ∘ 𝑎𝑡𝑡𝑒𝑛𝑑𝑠−1)[ 𝑟𝑜𝑜𝑚 ])

𝑛𝑢𝑚𝑀𝑒𝑎𝑙𝑠
 = ∑𝑣, 𝑟 ⋅ ∃𝑝, 𝑝′ ⋅ 𝑣 ↦ 𝑝′ ∈ 𝑎𝑡𝑡𝑒𝑛𝑑𝑠
 ∧ 𝑝 ↦ 𝑟 ∈ 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛 ∧ 𝒑 = 𝒑′ ∧ 𝒓 = 𝒓𝒐𝒐𝒎 ∣ 1

𝑛𝑢𝑚𝑀𝑒𝑎𝑙𝑠
 = ∑𝑣 ⋅ ∃𝑝′ ⋅ 𝑣 ↦ 𝑝′ ∈ 𝑎𝑡𝑡𝑒𝑛𝑑𝑠 ∧ 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛 𝑝′ = 𝑟𝑜𝑜𝑚 ∣ 1
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𝑛𝑢𝑚𝑀𝑒𝑎𝑙𝑠 ≔ 0
𝐟𝐨𝐫 𝑣, 𝑝′ ∈ 𝑎𝑡𝑡𝑒𝑛𝑑𝑠 𝐝𝐨
 𝐢𝐟 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛(𝑝′) = 𝑟𝑜𝑜𝑚 𝐭𝐡𝐞𝐧
 𝑛𝑢𝑚𝑀𝑒𝑎𝑙𝑠 ≔ 𝑛𝑢𝑚𝑀𝑒𝑎𝑙𝑠 + 1

One-to-One Total Function



Warehouse Inventory System – Translation

𝑐𝑎𝑡𝑎𝑙𝑜𝑔𝑢𝑒: 𝑀𝑎𝑡𝑒𝑟𝑖𝑎𝑙 → 𝑃𝑟𝑖𝑐𝑒
𝑖𝑛𝑣𝑒𝑛𝑡𝑜𝑟𝑦: 𝑏𝑎𝑔[𝑀𝑎𝑡𝑒𝑟𝑖𝑎𝑙]
𝑟𝑒𝑐𝑖𝑝𝑒𝑠: 𝑃𝑟𝑜𝑑𝑢𝑐𝑡 → 𝑏𝑎𝑔 𝑀𝑎𝑡𝑒𝑟𝑖𝑎𝑙

Restocking price, with a target inventory 𝑖𝑛𝑣𝑒𝑛𝑡𝑜𝑟𝑦𝑡:

𝑝𝑟𝑖𝑐𝑒 = ∑𝑝 ↦ 𝑛𝑚 ⋅
 𝑝 ↦ 𝑛𝑚 ∈ 𝑐𝑎𝑡𝑎𝑙𝑜𝑔𝑢𝑒−1 ∘ (𝑖𝑛𝑣𝑒𝑛𝑡𝑜𝑟𝑦𝑡 − 𝑖𝑛𝑣𝑒𝑛𝑡𝑜𝑟𝑦) ∣ 𝑝 × 𝑛𝑚

𝑝𝑟𝑖𝑐𝑒 = ∑𝒎 ↦ 𝒏𝒎 ⋅ ∃𝑛, 𝑚, 𝑝 ⋅ 𝒎 ↦ 𝒏𝒎 ∈ 𝒊𝒏𝒗𝒆𝒏𝒕𝒐𝒓𝒚𝒕
 ∧ 𝑛 = 𝑛𝑚 − 𝑖𝑛𝑣𝑒𝑛𝑡𝑜𝑟𝑦 𝑚 ∧ 𝑛 ≥ 0 ∧ 𝑝 = 𝑐𝑎𝑡𝑎𝑙𝑜𝑔𝑢𝑒(𝑚) ∣ 𝑝 × 𝑛𝑚
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𝑝𝑟𝑖𝑐𝑒 ≔ 0
𝐟𝐨𝐫 𝑚, 𝑛𝑚 ∈ 𝑖𝑛𝑣𝑒𝑛𝑡𝑜𝑟𝑦𝑡 𝐝𝐨
 𝑛 ≔ 𝑛𝑚 − 𝑖𝑛𝑣𝑒𝑛𝑡𝑜𝑟𝑦 𝑚
 𝐢𝐟 𝑛 ≥ 0 𝐭𝐡𝐞𝐧
 𝑝𝑟𝑖𝑐𝑒 ≔ 𝑝𝑟𝑖𝑐𝑒 + 𝑐𝑎𝑡𝑎𝑙𝑜𝑔𝑢𝑒 𝑚 × 𝑛

Many-to-One Total Function

Many-to-One Function



Preliminary Results

• Intermediate sets never grow larger than max(starting sets, resulting set)

• Unions, Relation Overriding, and Cartesian Products are limited in growth

• Other operators only decrease the size of a resulting set

• What about running time?…

Nov. 10, 2025CDP 2025 - Anthony Hunt and Emil Sekerinski 20



Visitor Information System Benchmark – Runtime
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Visitor Information System Benchmark – Memory Consumption
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Examples Running Time
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Core Expression Naïve Running Time Optimized 

Running Time

Visitor 

Information 

System

(𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛−1 ∘ 𝑎𝑡𝑡𝑒𝑛𝑑𝑠−1)[ 𝑟𝑜𝑜𝑚 ] 𝑂( 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛 𝑎𝑡𝑡𝑒𝑛𝑑𝑠 ) 𝑂( 𝑎𝑡𝑡𝑒𝑛𝑑𝑠 )

Warehouse 

Inventory 

System

∑𝑝 ↦ 𝑛𝑚 ⋅ 𝑝 ↦ 𝑛𝑚

 ∈ (𝑖𝑛𝑣𝑒𝑛𝑡𝑜𝑟𝑦𝑡 − 𝑖𝑛𝑣𝑒𝑛𝑡𝑜𝑟𝑦) ∘ 𝑐𝑎𝑡𝑎𝑙𝑜𝑔𝑢𝑒−1

 ∣ 𝑝 × 𝑛𝑚

𝑂( 𝑖𝑛𝑣𝑒𝑛𝑡𝑜𝑟𝑦𝑡 𝑐𝑎𝑡𝑎𝑙𝑜𝑔𝑢𝑒 ) 𝑂( 𝑖𝑛𝑣𝑒𝑛𝑡𝑜𝑟𝑦𝑡 )



Operation Running Time With (Bi-directional) HashMaps
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• Simplify large groups of ∧-predicates

• Eagerly apply conditions on sequential ∨-predicates

Operation Expected Running Time

𝑆 ∪ 𝑇 𝑂( 𝑆 + 𝑇 )

𝑆 ∩ 𝑇 𝑂(𝑚𝑖𝑛( 𝑆 , 𝑇 ))

𝑅[𝑆] 𝑂(𝑚𝑖𝑛( 𝑆 , 𝑅 ))

R ∘ 𝑄 𝑂( 𝑅 𝑄 )

𝑆 ∪ 𝑇 ∩ 𝑈 𝑂(𝑚𝑖𝑛( 𝑆 + 𝑇 , 𝑈 ))

𝑆 ∩ 𝑅[𝑇] 𝑂(𝑚𝑖𝑛( 𝑆 , 𝑅 , 𝑇 ))

(R ∘ 𝑄)[𝑆] 𝑂(𝑚𝑖𝑛( 𝑆 , |𝑅|) + 𝑚𝑖𝑛( 𝑅[𝑆] , 𝑄 ))



Current Compiler State and Roadmap
Development of a High-Level, Efficient, Set-Based Language
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Model 
Simulation 

Specification

Data Type 
Lowering

Optimizing 
Rewrite Rules

Code 
Generation 

(MLIR/LLVM)

Concurrency 
Optimizations: 

SIMD, Data 
Parallelism
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